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We present an effective four-level density matrix model for describing ultrafast interferometric three-photon
photoemission �3PPE� from a metal surface. The model accounts for the slow resonant and the fast nonresonant
excitation channels through the energy continua, in the presence of energy and phase relaxation of the elec-
tronic states. Calculations are presented for the case of a gold surface irradiated with 9.5 fs Ti:sapphire laser
pulses, where we find good agreement with recent experimental results for the photocharge vs the time delay
between two identical laser subpulses. Numerical results are also presented for the photocurrent densities of the
different excitation channels and the photocharge densities vs time delay for various laser pulse widths from
100 down to 2.5 fs �one optical period�. It is shown that interferometric 3PPE can be used to measure sub-10-fs
laser pulse widths and for extracting lifetimes of conduction electrons.
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I. INTRODUCTION

Interferometric two-photon photoemission �2PPE� and
surface second-harmonic generation �SSHG� have been
widely used over the past decade for measuring electron life-
times and studying ultrafast electron dynamics in metallic
surfaces, thin films, and nanoparticles.1–12 The techniques are
based on the use of two identical laser pulses with a relative
time delay between them and the measurement of the photo-
electrons or the second-harmonic photons as a function of
the time delay. In the weak field approximation, the mea-
sured signals for both 2PPE and SSHG are proportional to
the second-order autocorrelation of the laser pulse, which
though is broadened because of the finite electron response
�relaxation� time. By fitting the measured correlation curves
with calculations for a three-level density matrix model, the
lifetimes are extracted. However, as was reported by Weida
et al.3 in the case of 2PPE experiments with cesiated copper
and 19 fs full width at half maximum �FWHM� laser pulses
�herein the FWHM refers to the intensity envelope�, the
three-level model can predict unphysically fast �in their case,
a factor of 3 faster than other methods� energy relaxation
times for hot electrons. This is because, for very short fem-
tosecond laser pulses, a simple three-level model cannot de-
scribe adequately the actual continuum-continuum transi-
tions that are involved in such processes in metals. They
have shown this in a heuristic approach for the case of
13.5 fs laser pulses by calculating the total photocurrent as
an incoherent superposition of the contributions from a set
of three-level systems with varying one- and two-photon
detunings.4 The calculated correlation curve in the case of
the superposition is narrower than that in the case of a simple
resonant three-level system, owing to cancellation effects in
the sum of the interferograms in the former case. This nar-
rowing effect was later confirmed in simulations with 7.3 fs
laser pulses by Timm and Bennemann,9 who have developed
a unified weak field response theory for 2PPE and SSHG that
accounts for band to band transitions.

In a recent work,13 dealing with the effects of electron
relaxation on multiple harmonic generation from a gold sur-

face, we found that for laser pulses shorter than the electron
relaxation time ��30 fs�, a density matrix model with a finite
number of levels and realistic relaxation rates could not re-
produce experimental interferometric autocorrelation curves.
The experiment by Dai et al.14 on SSHG with 18 fs Ti:sap-
phire laser pulses shows that, despite electron relaxation, the
response time of a gold surface autocorrelator is practically
the same as for two-photon interband absorption in a GaAsP
photodiode. It should be noted here that in the latter case, the
intermediate one-photon transitions are far away from reso-
nance, which happens to fall into the semiconductor energy
gap, and this makes them very fast. In another recent experi-
ment, Dombi et al.15 have measured nearly the same value
for the width of 9.5 fs Ti:sapphire laser pulses using inter-
ferometric three-photon photoemission from a gold surface
as with interferometric second-harmonic generation in a non-
linear crystal. Although the experimental autocorrelation
curves from both the nonlinear crystal and the gold surface
exhibit long tails due to different limiting effects, the widths
of their central peak show that the response time of gold is
nearly as short as that of the crystal, where the nonlinear
process is nonresonant. As we concluded in Ref. 13, the
only physical explanation for these two interesting
experiments14,15 is that for laser pulses shorter than the elec-
tron relaxation times, the contribution of the fast nonresonant
channel in the continuum, which is neglected as weak in
density matrix models,1–13 becomes important as the reso-
nant channel becomes slow �relative to the laser pulse width�
and less efficient. We should add that this is also the reason
for the narrowing effect mentioned earlier, which has been
viewed as a consequence of the averaging over the
continuum.4,9 Therefore, in order to describe accurately such
processes for laser pulse widths shorter than �30 fs, a more
detailed density matrix model is required for continuum-
continuum transitions in metals, in the presence of both en-
ergy and phase relaxation for electronic states. It is the pur-
pose of this paper to introduce, for each initial state, an
effective �N+1�-resonant-level density matrix model for
N-photon processes in metals and other media with energy
continua, where the nonresonant off-diagonal density matrix
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elements have been eliminated adiabatically, and the effect
of the nonresonant continuum is accounted for by multipho-
ton transition matrix elements between the resonant states.
To illustrate our theoretical approach, in Sec. II, we present
the effective four-level density matrix model for describing
three-photon photoemission �3PPE� from a metal surface. It
is shown that in this case, there are four different channels
with different response times. Then, in Sec. III, we present
numerical calculations pertaining to the experiment with
9.5 fs laser pulses by Dombi et al.,15 as well as the predic-
tions of the model for shorter and longer pulses.

II. THEORETICAL MODEL

Figure 1 shows the process of 3PPE from a metal surface.
As in Ref. 16, we treat the metal surface in the jellium ap-
proximation, and in the numerical calculations for gold, we
use the same model surface potential as therein. The poten-
tial V�z� and the corresponding electron density n�z� are
shown normalized to their respective bulk values. The model
incorporates the Coulombic fall off of an image potential and
the experimental value for the work function, the latter being
crucial in determining the order of the multiphoton photo-
emission process. Since the surface breaks the translational
invariance, the momentum is not a good quantum number,
and because of the nonperiodic potential, there is only one
energy continuum in the jellium model. It should be pointed
here that the emphasis in this paper is on the physics of
multiphoton surface photoemission and not on the detailed
description of the metal surface. Of course, the formalism
can be applied to more complex models for the metal surface
and to other media with one or more energy continua. The
obliquely incident laser beam is assumed to be p polarized,
and within our model, multiphoton photoemission is purely a
surface effect, which is known from experiments to dominate
over the corresponding bulk effect.15 Note that, in a multi-
photon surface effect, there is coupling between the laser
electric field component normal to the surface and the elec-
trons in the surface region where dV /dz�0, which provides

the necessary momentum for the process. The solid line ar-
rows in Fig. 1, starting from an initial state �0� at the Fermi
energy EF, going through the one- and two-photon excited
states �1� and �2�, and ending at the three-photon excited state
�3� above the vacuum level in the positive energy continuum,
indicate the resonant excitation channel. This is the channel
that is described by the density matrix equations in Ref. 16.
Note that, in continuum-continuum transitions, the term reso-
nant refers to energy conserving transitions, while the term
nonresonant refers to the nonenergy conserving ones. The
dashed line arrows in channel �a� indicate the enhancement
of the resonant channel by fast two- and three-photon tran-
sitions ��0�↔ �2�, �1�↔ �3�, and �0�↔ �3�� via nonresonant
intermediate states, �k� and �l�, in the continuum. The dashed
line arrows in channel �b� indicate the fast nonresonant
3PPE, those in channel �c� indicate 2PPE from the one-
photon excited state, and channel �d� one-photon photoemis-
sion from the two-photon excited state. Of the four channels
for 3PPE, the slowest is �a� because of energy and phase
relaxation in the resonant states. The fastest channel is �b�,
since the intermediate states are nonresonant and, therefore,
its response is instantaneous. The response of channel �c� is
the second faster, limited by the lifetime of state �1�, while
that of channel �d� is the third faster, limited by the lifetime
of both states �1� and �2�.

In the slowly varying amplitude approximation, which has
been shown to give an unambiguous description for pulse
durations as short as one carrier period,17 and given that the
skin depth is much less than a free-space wavelength, the z
component of the laser electric field can be written as

Ez�x,z,t� = E�t�f�z�ei��ct−kcxx� + c.c., �1�

where E�t� is a slowly varying amplitude, �c the central �car-
rier� frequency, and

f�z� � ��eikcz�z−z0� + �ce
−ikcz�z−z0�	sin �i, z � z0

�c�1 + �c�sin �ie
�ikctz� +kctz� ��z−z0�, z � z0


 �2�

gives the z dependence in the Fresnel approximation of trans-
verse fields, with z0=0 being the position of the plane of
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FIG. 1. �Color online� Plot of
the model surface potential V�z�
�black line� and the electron den-
sity n�z� �blue or dark gray� nor-
malized to their respective bulk
values. The relevant energy levels
for three-photon photoelectron
emission are shown in red �light
gray�. The black arrows show the
four different channels: �a� reso-
nant, �b� nonresonant, �c� from the
one-, and �d� the two-photon ex-
cited states.
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reflection in the tail of the electron density. The investigation
of the effect of the longitudinal z component inside the
metal,18 on surface 3PPE with ultrafast laser pulses, is out-
side the scope of this work. In the equations above, �c
= �n��c�cos �i−cos �ct	 / �n��c�cos �i+cos �ct	 is the ampli-
tude reflection coefficient at the central frequency, with n��c�
being the complex index of refraction of the metal in the
bulk, �i the angle of incidence, and �ct the complex angle of
refraction. �c=�0 /���c� is the amplitude transmission coeffi-
cient, with ���c� being the dielectric function of the metal.
The components of the incident wave vector are kcx
= ��c /c�sin �i and kcz= ��c /c�cos �i, while the complex z
component of the wave vector in the metal is kctz=kctz�
− ikctz� = ��c /c�����c� /�0−sin2 �i	1/2. For the dielectric func-
tion of the metal, we use a free-electron gas model with
damping, ����=�0�1−�p

2 /���− i�D�	, with �p being the
bulk plasma frequency and �D the frequency dependent
Drude damping rate. Since the interaction is described in the
velocity gauge, it is preferable to specify the amplitude of the
vector potential A�t� and use the relation

E�t� = − i�cA�t��1 − i
1

�cA
dA
dt
� �3�

to obtain the amplitude of the electric field. Using a Gaussian
amplitude, A�t�=A0 exp�−2 ln 2�t /�p�2	, where �p is the
FWHM of the pulse, our calculations show that, for pulse
durations as short as one optical period, the contribution of
the second term in the square brackets on the right hand side
�rhs� of the above equation to Re�E�t�ei�ct	 and its spectrum
is small. The FWHM of the energy spectrum in eV for
a Gaussian pulse is 	
� /e=	e−14 ln 2 /�p, and for �p
=2� /�c, the relative half bandwidth is 
� /2�c=ln 2 /�
=22%.

To describe the coherent interaction between the laser and
a medium with an energy continuum that is subject to both
energy damping and dephasing, the use of the density matrix
formalism is necessary. We begin by discretizing the con-
tinuum and, since conduction electrons are localized, we use
the normalized Gaussian wave packets �i�z� of plane wave
eigenstates for a more realistic description, as in Ref. 16
where the reader is referred to for more details. In the calcu-
lations presented here for gold, the frequency FWHM of the
Gaussian electron wave packets is set equal to D=4
1014 s−1, which corresponds to an uncertainty in momen-
tum of 
k�10−2kF and an uncertainty in position of 
z
=1 / �2
k��40 Å. The latter satisfies the requirements of
semiclassical theory,19 that the electron wave packets be sev-
eral lattice constants �4 Å� long, but shorter than the mean
free path. The resonant one- and multiphoton transitions are
treated strongly, while the nonresonant density matrix ele-
ments are eliminated adiabatically. Their effect appears in the
equations of motion for the resonant density matrix elements
through the multiphoton Rabi frequencies and ionization
rates. The density matrix equations that one obtains in this
way for the effective four-resonant-level system which de-
scribes 3PPE are

d

dt
�00 = Im��01

�1�*�01
�1�	 + Im��02

�2�*�02
�2�	 + Im��03

�3�*�03
�3�	

+ �1
nr�11 + �2

nr�22 + �3
nr�33 − �0

ee�00

− Re��01
ee�01

�1�	 − Re��02
ee�02

�2�	 , �4�

� d

dt
+

1

2
�01��01

�1� = −
i

2
��00 − �11��01

�1� −
i

2
�02

�2��12
�1�*

−
i

2
�03

�3��13
�2�*, �5�

� d

dt
+ �1��11 = − Im��01

�1�*�01
�1�	 + Im��12

�1�*�12
�1�	

+ Im��13
�2�*�13

�2�	 , �6�

� d

dt
+

1

2
�02��02

�2� = −
i

2
��00 − �22��02

�2� −
i

2
�01

�1��12
�1�

+
i

2
�01

�1��12
�1� −

i

2
�03

�3��23
�1�*, �7�

� d

dt
+

1

2
�12��12

�1� = −
i

2
��11 − �22��12

�1� −
i

2
�13

�2��23
�1�*

+
i

2
�01

�1�*�02
�2�, �8�

� d

dt
+ �2��22 = − Im��12

�1�*�12
�1�	 + Im��23

�1�*�23
�1�	

− Im��02
�2�*�02

�2�	 , �9�

� d

dt
+

1

2
�03��03

�3� = −
i

2
��00 − �33��03

�3� −
i

2
�02

�2��23
�1�

+
i

2
�01

�1��13
�2� −

i

2
�01

�1��13
�2� +

i

2
�02

�2��23
�1�,

�10�

� d

dt
+

1

2
�13��13

�2� = −
i

2
��11 − �33��13

�2� −
i

2
�12

�1��23
�1�

+
i

2
�12

�1��23
�1� +

i

2
�01

�1�*�03
�3�, �11�

� d

dt
+

1

2
�23��23

�1� = −
i

2
��22 − �33��23

�1� +
i

2
�12

�1�*�13
�2�

+
i

2
�02

�2�*�03
�3�, �12�
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� d

dt
+ �3��33 = − Im��23

�1�*�23
�1�	 − Im��13

�2�*�13
�2�	

− Im��03
�3�*�03

�3�	 , �13�

where �ii and �ij
�N�=�ije

−iN��ct−kxx� are the slowly varying di-
agonal and off-diagonal matrix elements of the density ma-
trix � in the rotating wave approximation, respectively. In the
definition of the latter, the superscript �N� refers to the
N-photon resonance of the element with the central fre-
quency of the laser spectrum. We should point out here that
the expansion of the off-diagonal density matrix elements,
for media with energy continua, in harmonics of the central
laser frequency should hold for pulse widths down to one
optical cycle �
� /2�c=22% �. Two- or four-photon stepwise
resonant excitation by photons in the wings of the laser spec-
trum would be slow like the resonant 3PPE channel �a� and
weaker compared to it. Moreover, these processes would be
much less efficient than the fast nonresonant channel �b�,
which for ultrashort pulses becomes the dominant channel.
In the special case, as in Ref. 20, where 3	�c is nearly equal
to the 5 eV work function of the metal and both 3PPE and
four-photon photoemission take place, the excitation ladder
in our model should be extended to one more resonant state,
�4�. Then, one should calculate the three- and four-photon
photocurrent densities, whose sum follows an Ix power law,
with x between 3 and 4, as in the particular experiment.

The one-photon Rabi �interaction� frequencies are defined
as

�i,i+1
�1� = 2	−1�i�H�1���i+1� , �14�

where H�1�=−�e /m�A�t�f�z�pz is the component of the inter-
action Hamiltonian first order in the amplitude of the vector
potential and pz the z component of the electron momentum.
The two-photon Rabi frequencies are defined as

�i,i+2
�2� = −

1

2 �
k�i+1

�ik
�1��k,i+2

�1�

��c − �i+2,k�
+ Vi,i+2

�2� , �15�

where Vi,i+2
�2� =2	−1�i�H�2���i+2�, with H�2�

= �e2 /2m�A2�t�f2�z� being the component of the interaction
Hamiltonian second order in A�t�. Likewise, the three-
photon Rabi frequency �03

�3� is given by

�03
�3� =

1

4 �
k�1,l�2

�0k
�1��kl

�1��l3
�1�

�2�c − �l0���c − �k0�

−
1

2 �
k�1

�0k
�1�Vk3

�2�

��c − �k0�
−

1

2 �
l�2

V0l
�2��l3

�1�

�2�c − �l0�
. �16�

At this stage, it should be pointed out that the improvement
over previous density matrix treatments of laser-metal
interaction1–13,16 lies in the inclusion of the nonresonant con-
tinuum, whose effect is taken into account by the terms with
summation over �k� and/or �l� in Eqs. �15� and �16�. These
terms are obtained by adiabatic elimination of the nonreso-
nant density matrix elements, such as �0k

�1�, �kl
�1�, �0l

�2�, �0m
�3�, etc.

In the numerical evaluation of the two- and three-photon
Rabi frequencies, the symbolic sum over, for example, the

intermediate �l� wave packet states is replaced by
��¯	gw��l�d�l, where gw��l�=g��l� /Nl is the density of the
wave packet states. In the relation for the latter, g��l�
=Lzm / �2�	kz� is the one dimensional density of eigenstates,
with Lz being a normalization length and kz the z component
of the wave vector for an electron state with energy 	�l. The
division by Nl, which is the effective number of eigenstates
within a wave packet state,16 is required for renormalization
of the density of states.

The decay rate of the � j j density matrix element, � j
=� j

nr+� j
ee, is the sum of the nonradiative energy decay rate

�� j
nr� and the electron emission rate �� j

ee� from the �j� state.
Note that the spontaneous decay rate of the excited states is
neglected because it is many orders of magnitude smaller
than the nonradiative. For the latter, we use the relation � j

nr

=�D�j�c�, where �D�j�c� is a Drude relaxation rate for a
state that is j photons above the Fermi level, and we use the
empirical formula �D�j�c�= �0.3+0.01�j	�c�2	1014 s−1,
with the photon energy in eV, which was obtained in Ref. 16
by fitting experimental results. The functional form for
�D�j�c� is the same as that in Ref. 21 for electron phonon
and impurity scattering in noble metals for the case �c
��D. The energy relaxation time �� j

−1� found using this for-
mula and the corresponding value for � j

ee varies from about
33 fs at 1 eV to 5 fs at 6 eV above the Fermi energy. We
should mention that the electron lifetimes, ��2�EF /	��2 fs,
for gold predicted by the Fermi liquid theory,22 at these two
energies are about 60 and 2 fs, respectively. However, Fermi
liquid theory accounts only for electron-electron elastic and
inelastic scatterings, and one cannot separate the energy
relaxation rate from the dephasing rate. For the off-diagonal
�ij matrix element, the relaxation rate is set equal to
1
2�ij =

1
2 ��i

ee+� j
ee�+�D�j�c� with j� i. Since �D�j�c�

�
1
2 ��D�i�c�+�D�j�c�	, our relation for �ij allows for some

contribution from phase relaxation or elastic collisions to the
decay rate of coherence.

The nonresonant three-photon electron emission rate from
state �0�, �0

ee, which corresponds to channel �b� and arises
naturally in Eq. �4� from the adiabatic elimination of �0m

�3� in
a Im��m�3�

0m

�3�*�0m
�3�	 term in that equation, is given by

�0
ee =

1

2 �
m�3

�0m/2
�3�c − �m0�2 + ��0m/2�2 ��0m

�3��2

=
�

2
��03

�3��2gw��0 + 3�c� . �17�

The final result is obtained when we change the summation
over m to integration over �m0, and in the limit of �0m→0
replace the Lorentzian by ����m0−3�c�. In a similar man-
ner, it can be shown that the nonresonant two-photon elec-
tron emission rate from state �1� is given by

�1
ee =

�

2
��13

�2��2gw��0 + 3�c� , �18�

while the one-photon electron emission rate from state �2� by
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�2
ee =

�

2
��23

�1��2gw��0 + 3�c� . �19�

The complex cross emission rates appearing in the terms
Re��01

ee�01
�1�	 and Re��02

ee�02
�2�	 on the rhs of Eq. �4� are given by

�01
ee =

�

2
�13

�2��03
�3�*gw��0 + 3�c� �20�

and

�02
ee =

�

2
�23

�1��03
�3�*gw��0 + 3�c� . �21�

These two rates account for the interference between the
nonresonant electron emission channels from states �0�, �1�,
and �2�, which depends on the coherence between the chan-
nels through the nondiagonal density matrix elements �01

�1�

and �02
�2�. For the electron wave packet state �3� which lies

above the vacuum level, the electron emission rate is

�3
ee =

2

�
�

�thr

� kz�z

�kz + �z�2G3����d��, �22�

where kz and �z are the electron wave vectors in the bulk and
far outside the metal, respectively, 	�thr=V0 is the threshold
energy for electron emission, and G3����=exp�−4 ln 2���

−�3�2 /D2	 the Gaussian probability distribution for the wave
packet.16 This emission rate is found by multiplying the in-
cident probability current for an eigenstate �	kz / �mLz�	, the
probability for transmission over the surface potential
�4kz�z / �kz+�z�2	, the probability distribution G3����, the
density of states �g���=Lzm / �2�	kz�	, and integrating over
��. Note that unlike the electron emission rates from the
bound states, the emission rate from the above threshold
state is independent of the laser intensity. Our calculations
show that �3

ee=3.861013 s−1, while at a laser intensity of
1011 W /cm2, the other rates are �0

ee=1.35107, �1
ee=3.3

1010, �2
ee=3.31012, ��01

ee�=6.6108, and ��02
ee�=6.7

109 s−1.
The probability current for 3PPE is given by

dP3

dt
= −

d

dt
�
i=0

3

�ii

= �0
ee�00 + �1

ee�11 + �2
ee�22 + �3

ee�33

+ Re��01
ee�01

�1�	 + Re��02
ee�02

�2�	 , �23�

and the corresponding current density is calculated from the
relation

J3�t� = �s
1

4�3 � ki
2dki� d�ki

PFD�ki��e
d

dt
P3�t��

ki,�i

,

�24�

where �s=1 /2 kctz� is the skin depth for the field intensity in
the metal, e the electron charge, and PFD�ki� the Fermi–Dirac
distribution. The two spin states are taken into account in the
density of states, and the integration is over the Fermi

sphere, with ki and �i being the initial electron wavenumber
and solid angle.

For measuring autocorrelations, the laser pulse is split
into two equal subpulses with a variable time delay � be-
tween them, and thus the following substitution is made in
Eqs. �14�–�21� for the electric field �vector potential� ampli-
tude,

E�t� →
1

2
�E�t� + E�t − ��e−i�c�	 . �25�

This makes the photocurrent density a function of both t and
�, and the total photocharge density produced in 3PPE by the
two subpulses is

Q3��� = �
−�

�

J3�t,��dt . �26�

It is obvious that since all channels for 3PPE are of third
order in the intensity of the field as given by relation �25�,
Q3��� is proportional to a convolution of the third-order au-
tocorrelation of the laser pulse with the response function of
the metal surface. The normalized convoluted third-order au-
tocorrelation is defined as

g�3���� =
Q3���
Q3���

. �27�

The ideal third-order autocorrelation of the laser pulse is re-
produced by the photocharge from the nonresonant channel
�b�, whose response is instantaneous. For a Gaussian laser
field amplitude E�t�=E0e−t2/2T2

, where T=�p /�4 ln 2, the ex-
act third-order autocorrelation is13

gideal
�3� ��� = 1 + 9e−2�2/3T2

+ �6e−5�2/12T2
+ 9e−3�2/4T2

	cos��c��

+ 6e−2�2/3T2
cos�2�c�� + e−3�2/4T2

cos�3�c�� , �28�

which has a peak to background ratio of 32:1 and a FWHM
of 1.253�p.

III. DISCUSSION OF NUMERICAL RESULTS

Calculations have been carried out for 3PPE from a gold
surface using the parameters from the experiment in Ref. 15:
work function for polycrystalline gold W=4.6 eV, laser
wavelength 750 nm �	�=1.653 eV�, and angle of incidence
for the laser beam �i=80°. The Fermi energy for
gold is EF=5.51 eV, the electron density Ne=5.9
1022 electrons /cm3, and the skin depth has been calculated
to be �s=110 Å. The values used for the nonradiative relax-
ation rates of the density matrix elements are given in the
previous section. Gaussian laser pulses with 1011 W /cm2

peak intensity and various pulse widths from 100 down to
2.5 fs were used in the calculations.

We start the presentation of our numerical results from the
case of 9.5 fs pulse width, for which there are experimental
results.15 Figure 2 shows the relative interferometric three-
photon photocharge density �red or light gray line� as a func-
tion of the time delay between the two laser subpulses. The
absolute peak photocharge density is 4.5 pC /cm2, which for
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a laser spot diameter ds=7 �m corresponds to about ten pho-
toelectrons per pulse �the number of electrons in the �ds

2�s /4
interaction volume is about 2.51010�. Although there is no
experimental value for the number of photoelectrons in this
case, in a related previous work, this number was estimated
to be of the order of one photoelectron per pulse.20 Superim-
posed �blue or dark gray line� is the photocharge density
from the fast nonresonant channel �b� alone, which repro-
duces the ideal third-order autocorrelation given by Eq. �27�.
Both curves exhibit the 32:1 peak to background ratio, which
is characteristic of third-order interferometric autocorrela-
tions. This feature for the total photocharge density indicates
that no saturation effects have set in at 1011 W /cm2 peak
laser intensity. Indeed, our calculations show that for a 9.5 fs
pulse width, the peak population of the one-photon excited
state is only �11�3.210−3. The FWHM of the curve for
the total photocharge density is about 14.5 fs, which is in
good agreement with the experimental results in Fig. 5 of
Ref. 15. This width is larger than the 11.9 fs width of the
ideal third-order autocorrelation by about 22%. Note that the
optical period for a central wavelength of 750 nm is 2.5 fs,
and since this equals the spacing of the spikes in the inter-
ferogram, the time delay axis in the experimental curves by
Dombi et al.15 should be multiplied by a factor of 2. The
calculated interferogram for the total photocharge density ex-
hibits, like the experimental one, long wings that extend as
far as �60 fs. The pinchlike feature at about �= �17.5 fs in
the experimental curve seems to be caused by a beating be-
tween the two main peak frequencies in the actual laser spec-
trum, which differs substantially from a Gaussian spectrum.
The inset in the figure shows the time dependence of the
current density from the different channels and the two in-
terference terms, in the case of zero time delay. As can be
seen, for a 9.5 fs pulse width, the peak total current is de-
layed by 1.5 fs relative to the laser peak, and the main con-
tribution �60%� comes from channel �c�, 2PPE from the one-
photon excited state, a 10% comes from the fast channel �b�,
and the interference between these two channels adds an-
other 17%. Apparently, the broadening and the long wings of
the autocorrelation arise from the electron population that the
second laser subpulse finds in the one-photon excited state
with the �30 fs lifetime.

The following two figures demonstrate that the response
time of a gold surface 3PPE autocorrelator improves for
shorter laser pulse widths. Figure 3 shows the results of cal-
culations for a 4 fs laser pulse. As seen in the inset, in this
case, channel �c� contributes only 36% of the total current
density, the fast nonresonant channel �b� 31.5%, and the in-
terference term because of their mutual coherence adds an-
other 23%. Even though the contribution of channel �c� is
reduced, the electron population in the one-photon excited
state still causes long wings in the autocorrelation. The time
delay of the peak current density relative to the laser pulse is
only 0.4 fs, and the FWHM of the total interferometric pho-
tocharge is 5.8 fs, which is 16% larger than the 5.012 fs
width of the ideal autocorrelation. Unlike interferometric
techniques based on second-harmonic generation in nonlin-
ear crystals, which are known to underestimate the laser
pulse width for sub-10-fs pulses because of group velocity
dispersion and phase-matching bandwidth limitations,23–25 a
3PPE gold surface autocorrelator tends to overestimate the
laser pulse width. This is due to the contribution of resonant
excitation in 3PPE which, though, diminishes as the pulse
decreases below 10 fs. In contrast, phase-matching band-
width limitations in a nonlinear crystal autocorrelator worsen
as the pulse width decreases below 10 fs, and the spectral
bandwidth of the pulse increases. Figure 4 shows the results
of calculations for a 2.5 fs �one optical cycle� Gaussian laser
pulse. In this case, the fast nonresonant channel �b� contrib-
utes about 47% of the total current density, channel �c� about
23%, and their interference term about 23.5%. Comparing
the insets in Figs. 2–4, we see that the peak current density
from the instantaneous nonresonant channel �b� is as ex-
pected the same, about 60 A /cm2, for all three pulse widths.
The other channels for 3PPE have one, two, or three resonant
steps that have a finite response time, and thus their peak
current density depends on the pulse duration. The time de-
lay of the peak current density relative to the laser pulse is
only 0.125 fs, and the FWHM of the total interferometric
photocharge is 3.42 fs, which is 9% larger than the 3.13 fs
width of the ideal autocorrelation.

We should point out here that interferometric 3PPE using
2–3 fs laser pulses could be used to look for evidence of the
preasymptotic non-Markovian decay of electronic states,
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FIG. 2. �Color online� Plot of the relative in-
terferometric three-photon photocharge density
vs the time delay between two 9.5 fs laser sub-
pulses of 1011 W /cm2 combined peak intensity.
The red �or light gray� curve is for the total pho-
tocharge, while the blue �or dark gray� is for the
photocharge from the nonresonant channel �b�,
which gives the exact third-order autocorrelation
of the laser pulse. The inset shows the current
density vs time for zero time delay from channel:
�a� �black line�, �b� �blue or dark gray line�, �c�
�green long dashed line�, �d� �violet dash dotted
line�, interference ��01 term �magenta short
dashed line�, interference ��02 term �orange dash
double dotted line�, and the total current density
�red or light gray�.
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which has been predicted26 to occur in the 0���2 fs time
range. The signs of preasymptotic behavior should be visible
for short time delays when comparing the measured autocor-
relation with a Markovian model calculation like the ones
presented in this paper. On a different issue, we should also
point out that in the rotating wave approximation �RWA�
there is no dependence of the photocurrent density on the
carrier-envelope phase.15 If in Eq. �1� for the laser field we
replace ei�ct by ei��ct+�0�, where �0 is a constant phase, the
equations of motion for the slowly varying density matrix
elements remain invariant. Hence, in the RWA, the excitation
step in surface multiphoton electron photoemission does not
depend on whether the normal to the surface electric field
component points into or out of the metal surface. However,

calculations carried out without making the RWA show a
very weak modulation in the photocharge vs �0 curve with a
period of �. This modulation is caused by the antiresonant
terms, and it has the same period as that predicted in strongly
driven two-level systems.27 It appears, therefore, that the
very small �of the order of 10−4� depth of modulation in the
photocharge vs �0 curve, but with a period of 2�, which was
reported in Ref. 20 for few cycle laser pulses, is of different
origin and must be due to a weak electron transport effect
that is not taken into account in our model. A similar weak
modulation with a 2� period appears in the photoelectron
angular distribution in above threshold ionization of atoms,28

and it is due to the asymmetric steering of the photoelectrons
by the laser field in few-cycle pulses.
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FIG. 3. �Color online� Same as
Fig. 2, but for a 4 fs laser pulse
width.
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The last two figures present 3PPE with long laser pulses.
Figure 5 shows the results of calculations for a 30 fs laser
pulse, which is of the same duration as the lifetime of the
one-photon excited state. In this case, the contribution of
channel �c� to the total peak current density is 67%, while
that of the slow resonant channel �a� has increased to 27%,
from only 7% for a 9.5 fs pulse width. The time delay of the
3.3 kA /cm2 peak total current density relative to the laser
peak is about 5.5 fs, and the FWHM of the total photocharge
vs time delay is 45.5 fs, about 21% larger than that of the
ideal autocorrelation. Lastly, Fig. 6 shows the results of cal-
culations for a 100 fs laser pulse. For this large pulse width,
the peak population of the one-photon excited state becomes
a factor of 10 larger than its value in the 9.5 fs case. Also, the
contribution of channel �c� drops to 52%, while that of chan-
nel �a� increases to 41%. The time delay of the 14.5 kA /cm2

peak total current density is 17 fs, while the FWHM of the
autocorrelation is 137.5 fs, which is about 10% larger that
the width of the ideal one. Calculations with longer pulse
durations show that, for moderate laser intensities, the reso-
nant channel �a� becomes the dominant one. This justifies the
stepwise excitation model for surface multiphoton photo-
emission with long laser pulses ��p�100 fs�, which was in-
troduced in an earlier work.29 In this case, one can eliminate
adiabatically the off-diagonal density matrix elements in Eqs.
�3�–�12� and thus obtain rate equations for the populations of
the resonant electronic states.7,11,29 We conclude that in order
to have less than 10% error in the measurement of the laser
pulse width using a 3PPE gold surface autocorrelator, the
pulse width must satisfy the relation 3��p�100 fs. On the
other hand, for extracting an electron lifetime that is esti-
mated to be about 30 fs, the laser pulse duration must be in
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the range of 10��p�30 fs, where the broadening of the
third-order autocorrelation is largest and the fitting is easier.

IV. CONCLUSIONS

We have presented an effective four-resonant-level den-
sity matrix model for describing ultrafast interferometric
three-photon photoemission from media with continuum-
continuum transitions, such as metallic surfaces and thin
films. The model accounts for the effect of the nonresonant

continuum by multiphoton transition matrix elements be-
tween the four resonant levels. These matrix elements pro-
vide fast nonresonant excitation channels in addition to the
resonant stepwise channel, which is slow because of energy
and phase relaxation. The need for such a treatment in sys-
tems with broadened bands or continua was pointed out by
Weida et al.,4 in relation to ultrafast interferometric 2PPE for
extracting electron lifetimes. The present work deals with
this problem. Our calculations show how important it is to
take into account the nonresonant continuum for a correct
description of ultrafast processes.
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